The virtual effects of the Zee charged scalar boson on the leptonfamily-number (LFN) violating processes are studied. We obtain the constraints on the individual Yukawa coupling constants of the Zee boson to leptons. Using these constraints, we predict the upper bounds on the muonium-antimuonium conversion probability, the branching fractions of the LFN violating decays such as τ → eγ, τ → µγ, τ − → µ + e − e − and τ → e + µ − µ − . The contribution of the Zee boson to the muon anomalous magnetic moment is also considered.
Accumulated data on atmospheric, solar and accelerator neutrino experiments indicate that neutrinos have small but finite masses and mix among flavors [1] .
Existence of massive neutrinos, even though they are very tiny, necessitates the extension of the standard model (SM) for electroweak interactions. To explain the smallness of neutrino masses, there are two well-known mechanisms. One is the see-saw mechanism which introduces heavy right-handed Majorana neutrinos [2] . The other is the radiative mechanism in which neutrino masses are generated by radiative corrections and the left-handed neutrinos acquire the Majorana masses. The simplest model for the latter scenario was presented by Zee [3] . In this model, the ordinary left-handed neutrinos are employed while a new charged scalar field h, being a SU(2) L singlet, and two doublets of Higgs bosons Φ 1 , Φ 2 are introduced.
The neutrino mass matrix in the Zee model, generated at one-loop level, shows a very distinctive pattern [4, 5] . Recently, in connection with neutrino oscillations, the neutrino mass and mixing matrices of the Zee model have been extensively studied [6, 7] . Especially, it has been recognized [7] that the Zee model yields a solution for the bi-maximal neutrino mixing both in atmospheric and solar neutrino oscillations [8] .
The charged scalar boson h in the Zee model carries lepton number L(= L e + L µ + L τ ) = 2, and its Yukawa couplings to leptons violate the lepton-family-number (LFN) conservation. Thus the Zee scalar boson h not only plays a crucial role for neutrino mass generation, but also it induces other interesting LFN violating weak processes. In fact, these processes have been studied before in the Zee model and some constraints on the Yukawa couplings between the Zee boson h and leptons have been obtained [3] - [6] , [9] - [11] .
In this paper we further study the virtual effects of the Zee boson on the LFN violating weak processes. Although some information on the parameters in the Zee model has been reported from the analysis of neutrino oscillations within the framework of the Zee mass matrix [7] , we refrain from its use here. Instead, we employ the experimental upper bounds on the muon decay rate, the g µ /g e ratio, and the µ → eγ branching fraction, and show that we can obtain the constraints on the individual ratios, In the Zee model, the following Lagrangian is added to the SM:
where ψ iL = (ν i , l i ) T L (with i a family index) is an usual left-handed lepton doublet and h ± is the SU(2) L singlet Zee scalar boson. Two Higgs doublets, Φ j = (Φ + j , Φ 0 j ) T , j = 1, 2, are introduced and we assume that only Φ 1 couples to leptons. After the neutral components having acquired the vacuum expectation values, Φ 0 j = v j / √ 2, the charged Higgs boson (which is orthogonal to the would-be Goldstone boson) is expressed as
where tanβ ≡ v 1 v 2 . This charged Higgs boson Φ + mixes with the Zee boson h + due to the Φ 1 -Φ 2 -h interaction given in Eq.(1). After the charged scalar mass matrix being diagonalized, h + and Φ + are expressed in terms of the physical charged scalar bosons H + 1 and H + 2 with mass eigenvalues M 2 1 and M 2 2 , respectively, as [5] h
where M W = g 2 v 2 1 + v 2 2 , the mass of W gauge boson, and g is the SU(2) L gauge coupling constant.
Since the physical charged H ± 1 and H ± 2 bosons are a linear combination of h ± and Φ ± , the interaction of H 1 and H 2 with leptons is made up of two parts, one being LFN conserving and the other LFN changing, and it takes the following form:
The terms in the first line are LFN conserving and each term is proportional to a lepton mass m i , and the rest are LFN changing terms stemming from the h ± -lepton interactions.
The effective four-fermion Lagrangian induced by H 1 and H 2 exchange gives observable contributions to weak processes. The dominant terms for the decays µ → eνν, τ → eνν, and τ → µνν, for example, are given by [6, 11] 
where 1
The constraint on |f eµ | 2 /M 1 2 has been obtained from the study of the muon decay rate. Smirnov and Tanimoto [6] got |f eµ | 2 /M 1 2 < 7 × 10 −4 G F by assuming that the effect of the new bosons on the muon decay rate is smaller than 0.1%. On the other hand, McLaughlin and Ng [11] obtained
by demanding that the corrections be no bigger than the error of the SM Fermi constant. In this paper we take the latter one, a rather conservative constraint
Authors of Ref. [11] also pointed out that an information on the difference (|f eτ | 2 − |f µτ | 2 )/M 1 2 can be obtained from the ratio of τ decay rates
Quite recently new results have been reported on the branching fractions of τ into leptons [12] and the ratio of the charged current coupling constants of the muon and electron is determined to be g µ /g e = 1.0007 ± 0.0051.
The Zee model predicts (see Eq. (6)),
Taking the bound | gµ ge − 1| < 0.006, we obtain
This gives only the upper bound on the difference. However, if we combine this constraint with the one from the µ → eγ decay, we obtain the individual bounds on |f µτ | 2 /M 1 2 and |f eτ | 2 /M 1 2 . In the Zee model, the branching fraction for µ → eγ is given by [5] 
The present experimental upper pound, B(µ → eγ) < 1.2 × 10 −11 [16] , leads to
Then we find that the above constraint, combined with Eq.(10), gives the bounds
The fact that |f µτ | 2 /M 1 2 and |f eτ | 2 /M 1 2 individually get almost the same bound as their difference is due to the very stringent constraint of Eq.(12). Of course, if we get more precise determination of the g µ /g e ratio, we can set more stringent bounds on |f µτ | 2 /M 1 2 and |f eτ | 2 /M 1 2 .
With these bounds on the Yukawa coupling constants f ij , Eqs.(8), (12), (13) , we now discuss the weak processes involving charged H 1 and H 2 bosons. In particular we are interested in the LFN violating processes.
The muonium-antimuonium conversion. In the Zee model, the mixing of muonium M(µ + e − ) and antimuonium M(µ − e + ) arises through the two-H i -exchangeloop diagram illustrated in Fig.1(a) . Using a formula for the loop integral
where [1/k /] is coming from the internal neutrino propagator, we obtain the following effective Lagrangian for the M-M conversion:
with
The integrated probability that the muonium M(µ + e − ) decays as µ − rather than µ + is given by [14] P
where a B is the Bohr radius (m e α) −1 and λ = G 2 F m 5 µ /192π 2 is the muon decay rate. Using the bound (12) and the relation
1 The M -M conversion experiments have been performed under the influence of external magnetic field. The M -M conversion probability reduces with the applied magnetic field, and the reduction depends on the effective Hamiltonian being in the form of (V ∓ A) × (V ∓ A), or (V ∓ A) × (V ± A) or other interaction types [13] (the equality holds when M 2 1 = M 2 2 ), we obtain
For M 1 = 800 GeV, we get P (M) < 10 −19 . The present experimental upper limit [15] is P (M) < 2.4 × 10 −10 (90% C.L.).
In fact, the muonium-antimuonium oscillation was studied before in the Zee model and the same box diagram in Fig.1(a) was analyzed [9, 10] . But our result on the effective Lagrangian for the muonium-antimuonium conversion disagrees with the one given in Ref. [9, 10] , in respect to its chiral structure and magnitude. Comparing with Eqs.(4.116-117) of Ref. [10] , we find that our result on 15) is without a suppression factor (m µ /µ S ) 2 , where µ S is the charged Zee boson mass introduced there, expected to be the same order of magnitude as our M 1 .
The τ → eγ and τ → µγ decays. With replacement of f µτ f eτ in Eq.(11) with appropriate f ij , the branching fractions for both decays are given by
The constraints (8), (13) and B(τ → eν e ν τ ) exp = (17.83 ± 0.06)% [16] lead to
both being far below the present experimental upper bounds (∼ 10 −6 ) [16] .
The τ − → µ + e − e − and τ → e + µ − µ − decays. The decay τ − → µ + e − e − arises, at one-loop level, from the diagram with two H i boson exchange depicted in Fig.1(b) .
The loop integral gives
Keeping in mind the antisymmetrization of the final two identical electrons and a symmetry factor 1 2 , and neglecting the muon and electron masses, we obtain, Γ(τ − → µ + e − e − ) = |C τ →µee | 2 m 5 τ /96π 3 , for the decay rate. Then we get the upper limit on the branching fraction of the τ − → µ + e − e − decay,
(25)
Similarly, the contribution to the decay τ → e + µ − µ − comes from the one-loop diagram in Fig.1(c for the branching fractions of both decays. The present experimental upper limits on both decays are B exp < 1.5 × 10 −6 (90% C.L.) [16] .
The µ → 3e decay. This process is possible in all models which allow the µ → eγ. The photon is now virtual and decays into a e + e − pair. Contributions of the Z boson-exchange graphs instead of photon are negligible. Thus the branching ratio has been estimated to be B(µ → 3e) ≈ (α/π)B(µ → eγ) [5] . At one-loop level in the Zee model, there is another diagram contributing to the decay µ → 3e, a box diagram resembling the ones in Fig.1 with two H i exchange. 2 The diagram gives
Assuming that this box diagram contribution adds to the decay rate incoherently, we obtain the ratio
For M 1 = 800 GeV, the constraints (8) and (13) give |f eµ | 2 < 0.02 and |f eτ | 2 < 0.06, respectively. Thus, in case M 1 ∼ M, there remains a possibility that this box 2 The µ → 3e decay was studied before in the Zee model [9, 10] , but our result on C µ→3e
box disagree with the one in Refs. [9, 10] , which has further a suppression factor (m µ /µ S ) 2 . diagram contribution to the decay rate µ → 3e becomes comparable to the one from the photon exchange graph.
The same remarks can be made for such τ decays as τ → 3e, τ − → e − µ + µ − , τ → 3µ, and τ − → µ − e + e − . The branching fractions for the first two decays are expected to be of the order of (α/π)B(τ → eγ) and those for the latter two are (α/π)B(τ → µγ). In the Zee model, the two H i exchange diagrams also contribute to these LFN violating decays, and their contributions may possibly be comparable to those from the photon exchange diagrams.
The muon anomalous magnetic moment. With improvement in the measurment, the anomalous magnetic moment of the muon, a µ = (g −2)/2, has become to provide an excellent laboratory for testing various electroweak gauge models. Quite recently, the new experimental result on the positive muon anomalous magnetic moment was reported [18] and it shows a clear difference between the weighted mean of the experimental results and the SM prediction: 
In the Zee model, two new charged scalar mesons H 1 and H 2 appear. We now discuss their contribution to the muon anomalous magnetic moment. There are two relevant diagrams in one loop, which are depicted in Fig.2 . The arrows on the fermion lines indicate the flow of lepton number. The diagram in Fig.2(a) is LFN conserving and thus the factor (m µ /M W ) 2 appears, while the one in Fig.2(b) is LFN changing and its contribution is proportional to |f eµ | 2 (|f µτ | 2 ). The calculation is straightforward [17] , and we find
The LFN conserving contribution is rewritten as a (a) µ = 9 × 10 −16 cot 2 β(M 2 W /M 2 2 ).
So even when we take generous values for cotβ and M 2 , say, cotβ ∼ 50 and M 2 ∼ 200 GeV, we get a (a) µ ∼ 4 × 10 −13 . For the LFN violating part, the bounds (8) and (13) to be small and far below the present experimental upper limits. Also it is found that the contribution of the new bosons in the Zee model to the muon anomalous magnetic moment is too small to fill the present difference between the experiment and the SM prediction. If this gap persists, we are compelled to abandan the Zee model or to pursue the extensions of its original form 3 . Embedding the original Zee model into supersymmetry might be one of the most interesting extensions [19] . 3 An extension of the Zee model which includes singlet neutrinos has been considered in Ref. [11] . 
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